Introduction
The use of detailed kinetic schemes in combustor flow calculations is crucial for the accurate prediction of emissions, ignition, lean blow-out, and other performance characteristics. A priori simplification of the detailed chemistry ͑typically consisting of hundreds of reactions and tens of species͒ into reduced chemistry schemes consisting of a few steps and species, while computationally efficient, is inadequate for these predictions. Additionally, these combustor performance characteristics are strongly influenced by turbulence/chemistry interactions and accurate prediction of these interactions is equally important. The probability density function ͑PDF͒ method offers several advantages over conventional Reynolds-averaged combustion models for the computations of turbulent reacting flows due to the fact that turbulence/chemistry interactions are described exactly by the PDF and chemical kinetics of arbitrary complexity can be incorporated without modeling assumptions. However, due to the enormous computational expense involved in calculations with detailed chemistry schemes, the majority of studies involving PDF methods employ reduced kinetic schemes ͓͑1͔͒ or other techniques to simplify the chemistry such as the intrinsic low-dimensional manifold ͑ILDM͒ technique ͓͑2,3͔͒.
The in situ adaptive tabulation scheme ͑ISAT͒ ͓͑4͔͒ has significantly relaxed this restriction and detailed chemistry schemes can be economically implemented in PDF calculations. Typically, calculations with reduced chemistry schemes are performed via lookups from a precalculated table of the results of integration of the reaction rate equations. However, for detailed chemistry calculations, not only will the size of the table be prohibitively large, but also the structure of the table ͑i.e., independent variables and table intervals͒ will be too complex to accurately and conveniently represent the chemistry. On the other hand, the direct integration ͑DI͒ of the detailed reaction schemes each time it is needed in the calculations is prohibitively expensive. In the in situ tabulation procedure, the table is created as needed during the calculations, so that only the compositional region that is appropriate to the flowfield is dynamically generated, stored, and accessed repeatedly. Calculations of a homogeneous turbulent reactor have demonstrated that the ISAT scheme provides a speed-up factor of 1000 compared to DI ͓͑4͔͒. ISAT has also been implemented in calculations using the joint PDF of velocity-frequency-composition ͓͑5͔͒ with resulting speed-ups around 50. For immediate practical applications, the scalar PDF method in which the PDF of composition is solved in conjunction with conventional finite-volume flow-solvers is advantageous, since these flow solvers are computationally affordable and are well developed and matured for complex geometries.
The present study combines the ISAT scheme with a scalar PDF method in a practical combustor design system. The design system is based on a finite-volume solver, which is a conventional pressure-based low-speed variable-density Navier-Stokes solver with a standard k -⑀ model. The scalar PDF transport equation is solved by an Eulerian Monte-Carlo method, wherein, the PDF at each node is represented by an ensemble of notional particles. This design system in conjunction with reduced chemical kinetics has been applied to diffusion flame swirl combustors and premixed low-emissions combustors ͓͑6,7͔͒. In the present paper, PDF/ISAT calculations of a jet diffusion flame are compared to detailed experimental data including those for the species compositions. Similar calculations are performed on a premixed lowemissions combustor. The successful application of this method for practical gas turbine concepts, such as a low emissions combustor, demonstrates the capability to make detailed species predictions and to optimize combustor design to meet stringent emissions and performance requirements of current and future gas turbine engines. In the following sections, first we briefly describe the PDF method, followed by a description of the ISAT scheme. The results and discussions are presented next, followed by summary and conclusions.
where t is the time, x i is the ith component of the position vector, is the density, U i is the ith component of the velocity vector, and ␣ is the mass fraction of species ␣. J i ␣ is the ith component of the diffusional flux for species ␣, u i Љ is the ith component of the fluctuating velocity, S ␣ is the source term of species ␣, ⌿ is the set of scalar variables in composition space, and ⌽ is the set of scalar variables in physical space. The notations, ͗A͘ and ͗A͉B͘, denote the expected value of A and the conditional expectation of A given B, respectively. In the above equation, the terms on the left-hand side are the time rate of change and convection by the mean velocity, respectively, of the PDF and are in a closed form. The first term on the right-hand side is the influence of molecular mixing on the transport of the PDF in scalar space. The second term on the right-hand side represents the transport of the PDF in physical space due to convection by turbulent velocities. These two terms need to be modeled. The last term, which is the effect of reaction source term on the evolution of the PDF in scalar space, is also closed.
Modeling and Discretization. The transport of the PDF in physical space due to turbulent convection is modeled by the gradient diffusion hypothesis ͓͑8͔͒
where D T is the turbulent diffusivity. Molecular mixing is modeled by the ''interaction by exchange with the mean'' ͑IEM͒ model:
where C is the mixing model constant and is the turbulent frequency, defined as the ratio of the turbulent dissipation rate and the turbulent kinetic energy. Past studies on jet diffusion flames ͑in particular, Flame L of Masri et al., ͓11͔͒ have shown that the IEM model fails to sustain the flame. Efforts are in progress to develop advanced models ͓͑12͔͒ to better represent the mixing process. In the present study, it is noted that the IEM model is adequate to sustain the flame and is therefore, adopted in all the simulations. The final modeled form of the PDF transport equation is
For obtaining the discretized form of the above equation in the finite-volume context, the volume integrals for convection and diffusion terms are first converted to surface integrals using the Gauss theorem and the PDF in each cell is discretized by a hybrid differencing scheme that varies smoothly from an upwind scheme to a central scheme. The resulting equation is
where the index K denotes the faces of cell i and the index k refers to the cell adjacent to cell i across face K. The terms D iK and C iK are the diffusive and convective coefficients and are evaluated as discussed in Anand et al. ͓2͔ . M i is the mass in cell i and ⌬t i is the time-step in cell i. Equation ͑5͒ is solved by a fractional step method in which the transport in physical space is first implemented followed by molecular mixing and chemical reaction. The PDF in each cell is represented by an ensemble of notional particles, each having identical mass and a set of scalar values. The Favre average value of a scalar in a cell is computed by performing an ensemble average of the scalar value on all the particles in the cell. In the present calculations, each cell has an equal number of particles. A variable time-step algorithm Anand et al. ͓2͔ is used to accelerate convergence of the solution.
The In Situ Adaptive Tabulation "ISAT… Scheme
The objective of the ISAT scheme ͓͑4͔͒ is to efficiently integrate the coupled set of reaction rate equations:
i.e., given the initial condition ⌽ 0 , the reaction rate equation is integrated for a time ⌬t, to obtain ⌽(t 0 ϩ⌬t). A table is built as the reactive flow calculation progresses, in such a way that only the accessed region of the composition space is tabulated. Since the accessed region is a small subset of the realizable region, the dynamic creation of the table enables efficient integration of the reaction equations than when the table is created a priori and the entire realizable region is tabulated. A table entry consists of a composition ⌽ 0 ; the mapping R(⌽ 0 ); the gradient of the mapping A(⌽ 0 ); and the specification of the ellipsoid of accuracy ͑EOA͒. The gradient of the mapping is used in the linear approximation of the mapping
for a query ⌽ q . The EOA is an ellipsoidal region, centered at ⌽ 0 , within which the above linear approximation is accurate. As the calculation progresses, the EOA expands such that the error involved in Eq. ͑7͒ is within a user specified tolerance (⑀ sp ). The entries in the table are stored in a binary tree which, given a query composition, ⌽ q , can be traversed to obtain a table entry ⌽ 0 , which is close to ⌽ q . The essential ingredients in the algorithm are summarized as follows:
1 Given a query composition ⌽ q , the binary tree is traversed until ⌽ 0 is reached. 2 If ⌽ q is within the EOA, then the linear approximation Eq. ͑7͒ is returned. This is a retrieve ͑R͒. 3 Otherwise, a direct integration is performed to determine the mapping R(⌽ q ), and the error ⑀ that would result from using Eq. ͑7͒ is determined. 4 If the error is within the tolerance, then the EOA is grown and R(⌽ q ) is returned. This outcome is growth ͑G͒. 5 Otherwise a new record is generated based on ⌽ q . This outcome is an addition ͑A͒.
Results and Discussions
The two-dimensional finite-volume solver used in the present calculations is a conventional pressure-based low-speed variable-density Navier-Stokes solver ͓͑13͔͒ with a standard k -⑀ model. The solver employs a staggered grid, with the scalar quantities located at the centers of the cells and the velocities at the cell boundaries. A power-law differencing scheme is used to discretize the governing equations. The finite-volume solver provides the flux to the PDF module which simulates the transport of the scalars. The density change due to turbulent combustion is computed within the PDF module and supplied to the flow-solver and calculations are performed until convergence is achieved. In all the cases studied, the PDF solver employs 50 particles per cell and the value of the mixing model constant is 2.0. Calculations are performed using two chemistry mechanisms. Table 1 shows a C 1 mechanism involving 16 species and 41 reactions ͓͑14͔͒, where A, n, and E are the frequency factor, the pre-exponential exponent and the activation energy, respectively. Table 2 shows a 12-step, 16-species augmented C 2 reduced mechanism ͑ARM͒ ͓͑15͔͒ which is derived from the GRI mechanism ͓͑16͔͒. The flow configurations studied are a piloted jet diffusion flame and a premixed low-emissions gas turbine combustor.
Piloted Jet Diffusion Flame. The flow configuration considered is the piloted jet diffusion flame configuration ͑Flame D͒ ͓͑17͔͒ where the radius of the central jet is 3.6 mm and that of the outer annulus of the pilot is 9.1 mm. The fuel jet ͑having a mixture fraction ͑Z͒ value equal to 1͒ consists of 25 percent methane and 75 percent air by volume and the outer coflow is air (Z ϭ0). The pilot burns a mixture of C 2 H 2 ,H 2 ,CO 2 ,N 2 and air, having nominally the same equilibrium composition and enthalpy as CH 4 /air. The co-flow velocity and temperature are 0.9 m/s and 291 K, respectively. The main jet bulk velocity and temperature are 49.6 m/s and 294K, respectively. The pilot stream has a velocity of 11.4 m/s and a mixture fraction value of 0.27. Calculations are performed on a rectangular domain with 152 cells in the x-direction and 72 cells in the y-direction. The inlet conditions for the velocity and the scalars are specified from the measurements. Free slip boundary conditions are imposed on the top boundary and zero derivative outflow boundary conditions are imposed at the outflow. Symmetry boundary conditions are imposed at the lower boundary ͑centerline͒.
A parametric study on the effect of the ISAT error tolerance on the flowfield indicated that a value of 0.008 is adequate to resolve the reacting field of the jet flame. Another study of the turbulent Schmidt number indicates that a value of 2.0 produced the best predictions. For the k -⑀ constants, the standard values were used for C (ϭ0.09) and C ⑀2 (ϭ1.92), but for C ⑀1 the standard value of 1.44 as well as a modified value of 1.6 were used for reasons explained later. Figure 1 presents the contour plot of the Favre temperature in the flowfield with the C 1 chemistry and C ⑀1 ϭ1.6. It can be noted that just downstream of the pilot, the reaction zone thickness is decreased due to finite-rate chemistry effects. Further downstream, these effects relax and the reaction zone thickness increases. Radial profiles of the mixture fraction f at x/dϭ7.5, 15, and 30 are presented in Fig. 2 . As expected, computations with the standard values of the k -⑀ constants, produce a higher spread rate. This is a common feature observed in computations of round jets and a modified value of C ⑀1 ϭ1.6 ͓͑18͔͒ is recommended for this type of flow as a special case. It can be observed that calculations with the modified value produce the correct spread rate. It is also noted that the ARM calculations ͑C 2 chemistry͒ with C ⑀1 ϭ1.6 accurately predict the mean mixture fraction. Figure 3 presents the radial profiles of the Favre temperature. Consistent with the results from Fig. 2 , results for C ⑀1 ϭ1.44 show a higher spread rate at all the three axial locations. In contrast, calculations with the modified value for both chemistry mechanisms are in excellent agreement with the data. Similar features are also observed in the radial profiles of the major species. Figure  4 presents the radial profiles of CO 2 mass fraction. Calculations with the modified value of C ⑀1 are in reasonable agreement with the data at all the three axial locations for both reaction mechanisms. Figure 5 presents the radial profiles of the CO mass fraction. It can be observed that the computation with the C 1 mechanism and C ⑀1 ϭ1.44 overpredicts the peak value and displays a high spread rate at all the three axial locations. In contrast, the C 1 mechanism calculations with the modified value produce the correct spread rate but significantly overpredict the peak value, and at x/dϭ30 the computed peak value occurs incorrectly at the centerline. The cause of this inaccuracy may be due to the deficiency of the C 1 mechanism for correctly predicting the flame structure in the fuel-rich zones. Calculations performed with the C 2 chemistry ͑ARM͒ (C ⑀1 ϭ1.6) are in reasonable agreement with the data, which indicates that C 2 chemistry is essential to accurately predict CO emissions. Other sources of error in the computations may be due to the neglected influence of radiation heat loss ͑which reduces the temperature and the CO level͒, the mixing model used, and the deficiences in the flow solution ͑spread rate/ turbulent transport͒. Figure 6 presents the variance of the mixture fraction at three axial locations. Although the calculations with C ⑀1 ϭ1.6 produce the correct spread rate, the peak values are not in good agreement with the data at x/dϭ15 and 30. This may be due to deficiencies in the mixing model and the errors/uncertainties involved in the prescription of the inlet turbulent kinetic energy and the turbulent dissipation profiles. The root mean square ͑RMS͒ value of temperature is presented in Fig. 7 . As with the other quantities the calculation with C ⑀1 ϭ1.6 is in excellent agreement with the data in regard to the spread rate. Additionally, the peak values are also in good agreement with the data. In comparison, the calculation with the standard value of C ⑀1 highly overpredicts the spread rate and at x/dϭ30, the RMS profile does not even have the qualita- Transactions of the ASME tive feature of the data. The results from the C 2 mechanism are similar to those from the C 1 mechanism with the modified value of C ⑀1 . The main differences between the C 1 and the C 2 chemistry can be clearly observed from the expected values of species mass fraction and temperature conditioned on mixture fraction. Figure 8 shows the conditional expectation of temperature versus mixture fraction at three axial locations. It can be observed that all the three computations predict the fuel-lean region quite accurately. The fuel-rich region is poorly predicted in the calculation with the C 1 chemistry mechanism, however, the predictions with the C 2 mechanism is excellent. This feature of the two mechanisms is clearly portrayed in Fig. 9 which shows the conditional expectation of CO mass fraction. The C 1 mechanism highly overpredicts the fuel-rich regime; in contrast, the prediction of the C 2 mechanism is reasonable. These results clearly indicate that accurate prediction of CO emissions can be possible only if C 2 chemistry is used in the computations. The prediction of the FLAME D composition structure has been the subject of various investigations which have been summarized in a recent workshop ͓͑19͔͒. A comparison of the results from PDF calculations presented in the workshop with those from the present calculations indicates that overall the flame structure is better predicted by the PDF/ISAT method with the ARM mechanism and C ⑀1 ϭ1.6. Premixed Low-Emissions Gas Turbine Combustor. The PDF method with detailed chemistry is applied to a practical gas turbine combustor to demonstrate the feasibility of making detailed performance and emissions calculations. Further, a premixed combustor is chosen since conventional turbulent combustion models fail to predict premixed combustion behavior, and specialized models need to be used. In contrast, the PDF method is equally applicable to nonpremixed and premixed flames.
A radial swirl premixed combustor ͓͑20͔͒ consists of a radial swirl inlet with fuel injectors, a premixer module and the combustor. The flame is stabilized by a recirculating zone outside of the premixer nozzle induced by the swirl motion of the fluid. Bench tests have been performed on this radial swirl combustor and measurements have been obtained for velocity and temperature in the combustor section. The tests were performed with an air flow rate of 0.0635 Kg/s, and an inflow fuel to air ratio of 0.037. The inflow air was preheated to 373 K. The numerical simulation of the combustor is carried out from the exit of the swirler vane and the fuel injector to the exit of the combustor. The fuel injectors are simulated using six discrete fuel injection ports at the inlet and calculations are performed on a 151ϫ31 grid. In the calculations, the ignition heat source is simulated by introducing high-temperature combustion products downstream of the premixer nozzle. In order to establish a stable flame, ignition is switched on after a swirl induced recirculating zone is established in the flow calculations and turned off after one subsequent timestep of the calculations. The standard values of the k -⑀ constants are used in these computations. Calculations indicated that an ISAT error tolerance value of 0.008 results in approximately 18 table entries, which is not adequate for an accurate resolution of the flame structure. Therefore, calculations are performed with a tolerance value of 0.001. The C 1 chemistry mechanism is used to demonstrate the capability of ISAT for making computations of practical gas turbines combustors with detailed mechanisms.
Analysis of the mixture fraction field shows that mixing is complete by the time the flow reaches the exit of the premixer where Transactions of the ASME a nearly uniform fuel distribution is found. The swirling motion of the fluid induces a recirculating region near the centerline, downstream of the premixer. Figures 10 and 11 show the cross-stream profiles of the axial and swirl velocities at xϭ221 and 297 mm, respectively. Although the axial velocities are in good agreement with data, discrepancies in the prediction of the swirl velocities are observed. This is due to the inability of the k -⑀ model to correctly simulate recirculating flows ͓͑21͔͒ indicating that improved turbulence models are needed to accurately predict these flows. The temperature contours of Fig. 12 show that the flame front is stabilized outside of the premixer nozzle by the recirculating zone and stands in front of the stagnation point of this zone.
Comparison of the predicted temperature with experimental data shows excellent agreement at xϭ221 mm ͑Fig. 13͑a͒͒ and at x ϭ297 mm ͑Fig. 13͑b͒͒. These results indicate that the present methodology is capable of accurately predicting realistic combustor characteristics, including turbulent mixing, flow and flame structure and the flame stabilization location. In contrast, calculations using the eddy breakup model ͑EBU͒ fail to even qualitatively predict the behavior of the combustor-the EBU model failed to stabilize the flame outside the premixer and always showed flashback ͓͑7͔͒. The detailed mechanism implemented in the present calculations allows the evaluation of minor species in the flowfield. Due to the lack of experimental data, the accuracy of the predictions of minor species cannot be verified.
ISAT Performance. The efficiency of the ISAT in the scalar PDF calculations is investigated in this section. Results of the regression analyses of the performance data for the two flow configurations studied here are presented in Table 3 , where, ⌬t ret is the retrieve time, ⌬t gro is the time for growth of the EOA and ⌬t add is time for the addition of a new record. The analysis is performed for an ISAT error tolerance of 0.008. It can be observed that for both cases studied here, ⌬t ret is the lowest and ⌬t add is the highest. The asymptotic value of the speed-up factor, defined as the ratio of growth to retrieve times, is at least two orders of magnitude higher for the premix combustor calculations. Figure 14 shows the evolution of the number of records created versus calls to ISAT. It is observed that for an ISAT error tolerance value of 0.008, approximately, 1400 table entries are created in the jet flame computations. In contrast, for the same tolerance value, only 18 entries are created in the combustor calculations. Decreasing the tolerance to 0.001, increases the table entries to 288. Due to the premixed nature of the combustor, the region downstream of the nozzle has an almost uniform composition, therefore the accessed region of the compositional space is significantly smaller than that in the jet diffusion flame.
A measure of the cumulative CPU time spent in ISAT for the jet flame calculations can be obtained from Fig. 15 which shows the fraction of time spent in ISAT versus the number of calls. It can be observed that after 10 6 calls, almost 60 percent of the time is spent in evaluating chemistry. For the premix combustor, approximately, 80 percent of the time is spent in chemistry. The evolution of the speed-up factor which is the ratio of the time taken to perform the calculations using DI to that using ISAT, is presented in Fig. 16 . It can be observed that after the initial transients, the curve flattens to a value of approximately 117. Values close to 200 have been observed in previous joint velocity-scalar PDF calculations. Although the storage requirement for the coarse tolerance level used in the jet flame calculations is not significant, it can become a serious issue when lower tolerance levels are required. Correspondingly, the CPU time will also increase for simulations with a lower tolerance value. 
Summary and Conclusions
The present paper demonstrates the application of detailed chemical kinetics in scalar PDF computations of a jet diffusion flame and a practical premixed low-emissions gas turbine combustor. The jet diffusion flame calculations with a modified value of one of the k -constants (C 1 ϭ1.6) and C 1 chemistry, produce good agreement of the major species mass fractions and temperatures with the experimental data. For accurate prediction of CO emissions, it has been shown that C 2 chemistry schemes have to be used. Computations of the premixed swirl combustor also indicate good agreement with experimental data for temperatures and velocities. The behavior of the combustor including the location and extent of the flame are well predicted.
Performance analyses of ISAT show that speed-up factors of 117 and 165 are achieved in the computations for the jet diffusion flame and the premix combustor, respectively. The cumulative fraction of time spent in evaluating chemistry is 0.6 and 0.8 for the jet diffusion flame and the premixed combustor, respectively. The number of records created in the premixed combustor calculations is significantly lower than the jet calculations, which indicates that the accessed region of the scalar space for the premix flame is significantly smaller than that for the diffusion flame. These calculations indicate that using ISAT, details of the major and minor species in practical combustors can be obtained at an affordable cost. Consideration of minor species in the detailed mechanism allows the prediction of emissions. Accurate prediction of emissions for practical combustors is the subject of ongoing investigations. 
